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for the Layer Thickness and the 
Optical Axis 
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tralian National University, Canberra. A.C. 7. 2600, Australia 

(Receiaerl June 12, 1978) 

A simple, phenomenological model is given which may describe the smectic A-smectic C 
transition in the case where the molecules make an appreciable angle with the layer normal in 
both the A and C phases. X-ray experiments by several workers on  a number of compounds 
indicate that this case may be quite common. The model is based on  an earlier suggestion that 
the essential feature in these A to C transitions is the onset of long range order in the molecular 
tilt directions. The free energy is expressed as a function of the layer tilt angle F: (which determines 
the layer thickness) and the ratio r = a / ~ ,  where c( is the optical tilt angle. The quantity r 
(0 < r 5 1)  is a measure of the order of the molecular tilt directions. When E is eliminated (which 
corresponds to considering the system at fixed pressure instead of fixed layer thickness), it is 
found that the transition can be either first or second order, depending on the model parameters. 
For the first order transition the approximate temperature variation r - (yAT/D‘)’’4, for r2 in the 
range (Ar)’ < r 2  2 $, is obtained-where Ar is the discontinuity in r .  D’ =z A, y is a parameter, 
AT = To - T, and To is the transition temperature. The a power in this result leads to a very 
rapid increase of r and a near the transition. Data  of Johnson and Saupe suggests y - & O K - ’ .  

For the second order transition we obtain r - (yAT/2$)”* for r2  Q $, and r - (yAT/D’)’’4 
for r z  + $, where $ is a parameter. The model predicts a strong discontinuity in the dilation 
modulus, with the ratio: 

modulus in C phase 
modulus in A phase 

first order transition 
second order transition 

___ - f;;’ 
Such a discontinuity has been deduced by Johnson and Saupe for two compounds from experi- 
mental data on undulations. The latent heat per mole L for the first order transition is given 
by L = yTo(Ar)’RT0 (R = gas constant). Assuming E - 15”. To - 350°K and y - 
the discontinuity Aa in the optical tilt angle can be estimated from this relation as  Aa .. 0.5 x 
(L/20)’”, where A@ is in degrees and L in cal/mol. 
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226 A. WULF 

1. INTRODUCTION 

Some years back Diele, Brand and Sackman' observed a rather surprising 
phenomenon in an X-ray study of smectic liquid crystals. They found 
strong evidence that in many cases the layer thickness in the smectic A 
phase is considerably less than the molecule length, so that the molecules 
could not be normal to the layers as generally assumed. In particular, this 
effect is quite clearly marked in all of the compounds they investigated (six 
of them) which have a smectic A-smectic C phase transition. Further, the 
layer thickness changed little with temperature in both the A and C phases. 

More recently, de Jeu and De Poorter' and, independently, De Vries3 
have confirmed these results. De Jeu and De Poorter investigated the smectic 
phase of heptyloxybenzylidene-pentylaniline (?BA5), a new compound not 
among those studied in Ref. 1. This is a particularly interesting case as the 
layer thickness is approximately constant, at 27.7 A, in the A and C phases, 
and jumps discontinuously to 28.9 8, at the C to B transition.2 This shows 
rather convincingly that the layer thickness in the A and C phases cannot 
be the result of a shortening of the molecules due to flexibility of the terminal 
hydrocarbon chains. 

De Vries suggested that in these compounds the smectic A phase consists 
of tilted layers stacked in random fashion with respect to the direction of 
tilt, and that the A to C transition results from a coupling of the direction 
of tilt of adjacent  layer^.^ Recently, it has been pointed out that this interpre- 
tation cannot explain a sharp thermodynamic A to C transition, and an 
alternative interpretation of the X-ray data was given.5 In this interpretation 
the individual molecules are tilted with respect to the layer normal in both 
the A and C phases, but their directions of tilt within the layers are disordered 
in the A phase and ordered in the C phase. This interpretation is sub- 
stantiated by a simple molecular model which exhibits a second order 
transition between phases with and without long range order in the molecular 
tilt  direction^.^ This model shows the usual optical behaviour associated 
with the smectic A smectic C transition. 

In Ref. 5 the transition was considered for fixed layer thickness. In this 
paper we employ a simple, phenomenological free energy-motivated by 
the molecular model of Reference 5-to consider the transition at fixed 
pressure. We find that in this case the transition can be either first or second 
order, depending on the model parameters. (The smectic A-smectic C 
transition in the compounds studied in References 2 and 3 is weakly first 
order, as shown by latent heats of the order of 100cal/rnol.) Several interesting 
consequences of the model are derived in Sections 2 and 3. The results are 
consistent with the scarce data available for making comparisons. 

The present phenomenological model is based on the assumption that the 
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PHENOMENOLOGICAL MODEL FOR SMECTIC C 221 

essential feature in (at least a class of) A to C transitions is the onset of long 
range order in the molecular tilt directions. The case of smectic C with the 
layer thickness directly proportional to cos a, where a is the optical tilt angle, 
does not seem to fit into this type of theory. This may mean that there are at 
least two basically different kinds of smectic A-smectic C transitions, as 
suggested by De Vries3 (however, see also remarks in Section 4). 

2 PHENOMENOLOGICAL MODEL FOR 
SMECTIC A-SMECTIC C TRANSITION 

For convenience, we imagine the smectic layers stacked up in a cylinder, of 
fixed cross-section, which is closed off by a piston exerting a fixed pressure 
p on the layers. Let a denote the area per molecule in a layer. Then the volume 
V of the system is 

V =  NalcosE, (1) 
where N is the total number of molecules, I is the (effective) length of the 
molecules and E is the tilt angle for the layer thickness t ( t  = I cos E) .  At 
fixed cross-section u, the Helmholtz free energy T of the system is a function 
of&, the temperature Tand an appropriate order parameter r for the molecular 
tilt directions. 

At constant p the angle E is determined by the pressure equation 

or 

a 
a& - [ ( F / N )  + pal cos E ]  

Since we are dealing with a condensed phase, the second term in Eq. (2) is 
very much less than kT (at room temperatures) and can be neglected to a 
good approximation. Thus the condition determining E reduces approxi- 
mately to 

For the order parameter r for the tilt directions we choose the ratio 

a 

& ’  
I=- 

(3) 

(4) 

where IX is the optical tilt angle. Clearly 0 I r I 1. The simplest form for F 
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228 A. WULF 

which gives E > 0 in the A and C phases-at fixed p-and a second order 
transition in r at fixed E, is 

F Foo w2 F2 + 

-=--  N k T  N k T  (n) (;)c4 - CE2r2 + Ar2 + Br4 + Dr6, ( 5 )  

where the coefficients W, C,  A ,  B, D are positive ( k  is Boltzmann’s constant). 
The term in r6 in Eq. ( 5 )  becomes necessary when the transition is considered 
at fixed p. 

The various terms in Eq. ( 5 )  are interpreted as follows. The first term is 
the free energy for the smectic A phase with E = 0. The second and third 
terms give the free energy minimum for the smectic layer structure at 
E = (W2/2W4)’/2. These terms presumably arise from several competing 
effects. One expects that the interlayer van der Waals attraction favours 
E > 0, while translational entropy and the intralayer van der Waals attraction 
favour E = 0.6 The term in E2r2 is a coupling term which causes the tilt direc- 
tions of the molecules to order (at sufficiently low temperatures) if E > 0. 
The previous molecular model5 suggests that this term results mainly from 
the translational entropy of the molecules and the intralayer van der Waals 
attractions. The coefficient C increases with decreasing T. The last three 
terms in Eq. ( 5 )  represent the loss in orientational entropy associated with 
an increase in order of the molecular tilt directions. The coefficients A ,  B ,  D 
are independent of T. It is expected that Eq. ( 5 )  is adequate for E and r not 
too large. 

Values for the coefficients A ,  B, D can be obtained from the model of 
Ref. 5. This model gives, for the orientational entropy So, of the tilt directions, 

where x = p/2 and p is a mean field variational parameter. As p -+ 00, the 
order of the tilt directions becomes perfect, r + l.5 This suggests that r is a 
better expansion parameter than p. In the limit E -+ 0, we also have from 
Ref. 5 

2x3  + 3.5 - . . . . c1 

E 
r = - = x - - 1  

Inversion of this series gives 

x = r + 3r3 + &r5 + . . . .  
Substituting this in Eq. (6)  we obtain 
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PHENOMENOLOGICAL MODEL FOR SMECTIC C 229 

Therefore we take 

A = l ,  B=’ 4 9  D = & .  (7) 

We now consider the transition at fixed pressure. Eqs. (3) and ( 5 )  give 

- W’E + ~ W , E ~  - kTCEr2 = 0, (8) 

i.e., E = 0, or 

The quantities E~ and are real since W,, W, and C are positive. Using 
Eq. (8), the first three terms of Eq. ( 5 )  reduce to - W4c4/kT, so that the 
lower free energy corresponds to Eq. (9) and not E = 0. 

In the smectic A phase r = 0 and E = E ~ .  We expect the energy W,E: to 
be of the same order of magnitude as the latent heat for the nematic-smectic 
A transition. For compound 7BA5 this is about 700 cal/mol = RTI,,,,o 
( R  = gas constant).’ Thus we have the estimate 

where To is the smectic A-smectic C transition temperature. 
Eliminating E from Eq. (5) by means of Eq. (9) we obtain 

+ ( A  - C&r2 + (11) 
F F o  

N k T -  Nkf 
-- 

With the values A = 1, B = from Eqs. (7), it is clear that the transition 
r = 0 to r > 0 is first order if E: > ~ ; / 2  and second order if E: I 4 /2 .  We 
assume that near the transition point Eq. (1 1) can be written 

+ Y(T - T2)r2 + [y’(T - T2) i $]r’ + Dr6, (12) F F O  -=- 
NkT NkT 

where y ,  y‘, $, T2 are positive constants independent of T. The upper and 
lower signs correspond to the second and first order transitions respectively. 

The quantities C, E~ and E~ vary with T. ( E ~  is, however, quite insensitive to 
T in the cases studied in Refs. 1-3.) In particular, these quantities may be 
expected to depend on the squares of order parameters a-characterizing 
the smectic layer structure-and ?-characterizing the orientational distri- 
bution function for the long axis of the molecules. Now suppose, for example, 
that CE; - wa’, where w depends only weakly on temperature and 
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230 A. WULF 

wo2 M A = 1 near T =  T,. Then 

aT aa a 2 1 a a /  aT 
- ( A  - CE;) - -2wa - M - - 
d 

dT 

4 - 4 -  -- 1;;l 100' 

where we have taken lao/aTI - &.' A similar estimate may be made for 
the temperature variation of C E ~  with q. Therefore, values of y and y' of 
order 10-'"K-' may be expected (y - & O K - '  is required to fit data given 
in Ref. 8-see below). 

The smectic A-smectic C transitions studied in Refs. 2 and 3 are (weakly) 
first order. Hence we concentrate on this case ( E :  slightly greater than 4 2 ) .  

The transition temperature To is attained when 

f (y)  = Y V  - T2)Y + Cr'U - T2) - 1(/1Y2 + Q3 

[y'(T - T,) - $32 - 4Dy(T - T,) = 0, 

has two coincident zeros y = yo > 0. The condition for T = To is therefore 

(13) 
and the corresponding value of y is 

Now, yo = (Ar)', where Ar is the discontinuity in r at the transition, related 
to the discontinuity Aa in a by Aa M e0Ar. Johnson and Saupe' estimate 
Aa < 1" for pentyloxybenzylidene-heptylaniline (5BA7). Therefore we take 
br 5 A, so that y o ,  1(/, y'(T, - T,) are-all quite small (510-,). (Since 
5BA7 is clearly similar to the compound 7BA5 of Ref. 2, we assume in this 
paper that both compounds have similar smectic A and C phases.) The 
smaller root of Eq. (13) is given approximately by 

Since $/2D - yo - lo-' and y - 10- '"K-' ,  it follows from Eq. (15) that 
To - T, 5 lO-'"K is quite small. The expansion (12) therefore remains valid 
near T =  To. 

Below To, f(y) has two distinct positive roots and between these a mini- 
mum at which f(y) < 0. Therefore, the smaller root of Eq. (13), given by 
Eq. (15), is indeed the first order transition temperature To. The value of 
y at the minimum is determined by the condition af/ay = 0; this reduces, 
for y # 0, to a quadratic equation in y. The smaller root of the quadratic 
equation corresponds to a maximum of f ( y ) ,  the larger root to the required 
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PHENOMENOLOGICAL MODEL FOR SMECTIC C 23 I 

minimum. Expanding the latter about T = To, for T < To, we obtain 

2y0 y‘AT 1 [ 1’’’ 
y = r2 z 3 +-+ -  & + - A T  , 3 0  3 

where A T  = To - T. (A term 4yoy’AT has been neglected inside the square 
brackets.) Eq. (16) is the general formula for r in the first order case. For 
3yATID 9 y i ,  or r2 9 (Ar)2 ,  Eq. (16) becomes 

r2 z y‘AT/D‘ + (yAT/D’)’I2, (17) 
where D’ = 3 0  and terms of order (Ar)‘ are neglected. With y - &OK-’ 

y o  - the form (17) becomes valid for A T  2- lO-’”C. For r2 5 a the 
second term in Eq. (17) dominates; hence we have 

in the range (Ar)2  3 r2 5 a. The dominating term with the $ power leads 
to a very rapid increase of r and CI near To. Taking into account the variation 
of E with r, Eq. (9), we have 

With = i, D’ = 12 and the estimates y‘/y - 1, to - 17”, we find from 
Eqs. (18) and (19) that to fit the value c1 = 12” at A T  = 0.4“C, given in Ref. 8, 
y - & is required. 

In the second order case (upper sign in Eq. (12) ) ,  To = T2 and 

D‘r2 = (y ’AT - (1) + [ (y’AT - (1)’ + D’yAT]”’ (20)  
for T < To. For $2 % yAT (or r 2  3 (I} Eq. ( 2 0 )  gives 

r = (yAT/2(/)”’ ,  

while for y A T  % $ 2  (or r2 + q ~ )  it gives 

r z (yAT/D’)’I4. 

3 SOME FURTHER PROPERTIES OF THE MODEL 

In the following .no distinction is made between layer thickness and layer 
separation. We assume that these two quantities are, to a sufficient approxi- 
mation, directly proportional. 

The layer tilt angle F, is defined in terms of the layer thickness t by 

t = 1 COSE, (21) 
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232 A. WULF 

where I is the (effective) length of the molecules. Hence the fractional change 
6t/t can be written 

6 E  
= - t a n & &  z -(EOtanEO)--. 

6t 
t EO 

- 

Using Eqs. (18), (19) and (22) with e0 - 17", ( E ~ / E ~ ) '  z 4 and y - &, we 
obtain 

3 10-3, AT = 0 . 1 0 ~  
Idt/tl - lo-', AT = 1°C I 1.4 x lo-', AT = 2°C 

with t equal to the layer thickness just above To. (At AT = 1°C already 
r - 0.7, so that results for AT 2 1°C should be taken with some caution- 
see also Section 4.) There are two points worth noting here. The first is that 
Idt/tl remains small within several degrees of To, in agreement with Refs. 
1-3. The second is that I6t/t I at AT = 1°C is greater than the linear expansion 
coefficient of metals (-20 x 10-6"C- ') by a factor of about 500. Therefore 
the explanation given in Ref. 8 for the formation of undulations in the smectic 
C phase by stepwise cooling should still be applicable. 

We now consider the discontinuity at the transition of the dilation modulus 
K .  The modulus K is defined by the expression' 

F = 3 K  - = T K  tan' E ( E  - E)', t 7 -l  

where f and E are the equilibrium values oft  and E at given temperature and 
pressure. (The symbol B is used in Ref. 8 for the above quantity K.) We can 
write 

where it is understood that F is expressed as a function of E, the order param- 
eter r being eliminated by means of the condition aF/ar = 0. 

The calculation is presented for the first order case. The second order case 
is somewhat simpler and we merely give the result at the end. The notation 
F = F / N k T ,  

First we note some simple results. It is immediate from the definition of 
E ;  and E:, Eq. (9), that 

= K / k T  and r? = K / k T  will be used. 
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PHENOMENOLOGICAL MODEL FOR SMECTIC C 233 

Putting 

it follows, from the equivalence of Eqs. (11) and (12), that 

6 2 4$ x 8D(Ar)‘, (26)  
at T = To. (Noting, from Eq. (15), that y(T, - T,) - $2 4 $.) Also, we 
have, at T = To, 

and, with i2 = 6; + E:(Ar)2, 

A - CE2 = $,/4D - Ce;(Ar)’/2 z -(Ar)2 /2  < 0. (28) 
We carry out the calculation of K just below To to order (Ar)’ only. 

and by 
The equilibrium value of r for given E is given by r = 0, if A - CE’ 2 0, 

if A - C E ~  < 0. Further, 

(30) 
i f A - C E 2 2 0  i“ -Br4 - 2Dr6, if A - C E ~  < 0, 

F(E) = Fa + E4&4 - m22 + 
where r is given by Eq. (29). We have, 

By Eqs. (30) and (27)  it follows that for T > To and E close to the equi- 
librium value E = E ~ ,  the free energy F(E) is given by 

F(E) = F, + m4E4 - E2E2. 

Therefore, K A ,  the modulus K .  in the smectic A phase just above To, is 
given by 

where the relation W2 = ~ W , E ;  from the definition of E ; ,  Eq. (9), has been 
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234 A. WULF 

used. Similarly, from Eqs. (30), (28) and (31) it follows that in the smectic C 
phase 

(CE2 - A), F(E) 25 Fo + G4&4 - W2&2 - 
4 B  

Therefore, the modulus K c  just below To is (with i2 = &: + E:(Ar)2) 

z -46@, + 48D@2(Ar)2 

z 16DP2(Ar),, (33) 

where Eqs. (7) and Eqs. (24)-(28) have been used. Finally, from Eqs. (32) 
and (33) we have 

5 25 4D(Ar)2 = $(Ar)2 
K A  

(34) 

In the second order case, Ar = 0 and 6 = - 4$, so that K ,  = l6$ W, and 

Assuming Ar 5 for 5BA7 (see Section 2) we obtain from Eq. (34) 

which is consistent with the rough estimate given by Johnson and Saupe.' 
The above calculation of K J K ,  is, of course, of the mean field variety. 
Hence it is possible that the results exaggerate the strength of the dis- 
continuity in K. 

To end this section, we consider the latent heat associated with the first 
order smectic A-smectic C transition. By Eq. (12) the entropy, SIN,  per 
molecule is 

+ ykTr2 + y k ( T -  T2)r2 s W I N )  - s o  
N i3T N 

+ y'kTr4 + [y'(T - T2) - $]kr4  + Dkr6 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

4:
48

 2
3 

Fe
br

ua
ry

 2
01

3 



PHENOMENOLOGICAL MODEL FOR SMECTlC C 235 

Therefore, the entropies just above and below To are given by 

- ( ; )A = -" S O  

and 

to order (Ar)'. The latent heat L is 

L = To(SA - S,) [yTo(Ar)2]NkTo. (35) 
For 7BA5 we have L - 40 cal/mol, To = 340°K (Ref. 9) so that Eq. (35)  
gives 

A r - G h ,  
on using y - &OK-' from Section 2. Hence we have the estimate for the 
discontinuity of a for 7BA5 (with c0 z 17") 

Aa = EoAr - 0.7". (36)  

Johnson and Saupe give the experimental bound AN < 1" for 5BA7.8 

4 COMMENTS 

Equation (5) is not the most general free energy expansion to third order 
in E~ and r 2 .  In particular, there are no coupling terms higher order than E2rz. 
This can make the theory inaccurate, especially at larger values of r ;  e.g., the 
model defined by Eqs. (5) and (12) shows no saturation of r for r I 1. 

Any theory like the present one, which is centred on the order parameter 
r = a/& for the molecular tilt directions, necessarily predicts that a grows 
more rapidly with A T  than E .  However, it has been seen that r can grow to a 
value of order 1, say 3, rather quickly, within a degree or less of the transition. 
Hence it is conceivable that in cases with fairly small E~ the parameter r 
quickly begins to saturate but E continues to grow strongly as A T  increases 
(e.g., E might depend on r4 and higher order terms in r).  Then one would 
have 01 approximately proportional to E, for A T  >, 1°C. Of course, to study 
this possibility, a free energy expression with higher order terms than those 
included in Eq. (5) would have to be considered. 
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